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Abstract
The Pascal matrix and the Stirling matrices of the 7rst kind and the second kind obtained from
the Fibonacci matrix are studied, respectively. Also, we obtain combinatorial identities from the
matrix representation of the Pascal matrix, the Stirling matrices of the 7rst kind and the second
kind and the Fibonacci matrix.
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1. Introduction
The Pascal number, the Stirling numbers of the 7rst kind and of the second kind
and the Fibonacci number are very important in combinatorial analysis.
For 7xed n, the n× n Pascal matrix, Pn = [pij], is de7ned by
pij =


(
i−1
j−1
)
if i¿ j;
0 otherwise:
In [1,3], the authors have studied a matrix representation of the Pascal triangle.
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For integers n and k with n¿ k¿ 0, the Stirling numbers of the 5rst kind s(n; k)
and of the second kind S(n; k) can be de7ned as the coeFcients in the following
expansion of a variable x (see [2]):
[x]n =
n∑
k=0
(−1)n−ks(n; k)xk and xn =
n∑
k=0
S(n; k)[x]k ;
where
[x]n =
{
x(x − 1) · · · (x − n+ 1) if n¿ 1;
1 if n= 0:
The S(n; k) satisfy the following formula:
S(n; k) =
n−1∑
l=k−1
(
n− 1
l
)
S(l; k − 1): (1)
Now, we de7ne the Stirling matrices. For the Stirling numbers s(i; j) and S(i; j) of
the 7rst kind and of the second kind, respectively, de7ne Sn(1)=[sij] and Sn(2)=[Sij]
to be the n× n matrices by
sij =
{
s(i; j) if i¿ j;
0 otherwise
and Sij =
{
S(i; j) if i¿ j;
0 otherwise:
We call the matrices Sn(1) and Sn(2) Stirling matrix of the 5rst kind and of the
second kind, respectively (see [4]).
The Fibonacci sequence has been discussed in so many articles and books. Let Fn
be the nth Fibonacci number and let {Fn} be the Fibonacci sequence.
The n× n Fibonacci matrix Fn = [fij] is de7ned as
Fn = [fij] =
{
Fi−j+1 i − j + 1¿ 0;
0 i − j + 1¡ 0:
In [6,7], the authors introduced the Riordan matrix, and they proved that each matrix
R in the Riordan group can be factorized by Pascal matrix P, Catalan matrix C and
Fibonacci matrix F as R=PCF . In [5], the authors gave the Cholesky factorization of
the Fibonacci matrix and they also discussed eigenvalues of the symmetric Fibonacci
matrix FnFTn . Also, the authors gave the inverse of Fn as follows: if F
−1
n = [f
′
ij],
then
f′ij =


1 i = j;
−1 i − 26 j6 i − 1;
0 otherwise:
(2)
In this paper, we study the Pascal matrix and the Stirling Matrix of the 7rst kind
and of the second kind via the Fibonacci Matrix and some combinatorial identities are
obtained from the matrix representation of the Pascal matrix, the Stirling matrices and
Fibonacci matrix.
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2. Binomial coecient
To begin with, we de7ne an n× n matrix Ln = [lij] as follows:
lij =
(
i − 1
j − 1
)
−
(
i − 2
j − 1
)
−
(
i − 3
j − 1
)
: (3)
From the de7nition of Ln, we see that l11 =1, l1j=0 for j¿ 2, l21 =0, l22 =1, l2j=0
for j¿ 3, li1=−1 for i¿ 3, and for i; j¿ 2, lij=li−1; j−1+li−1; j. Using the de7nition
of Pn, Fn and Ln, we can derive the following theorem.
Theorem 2.1. Let Ln be the matrix as in (3). For the Pascal matrix Pn and the
Fibonacci matrix Fn, we have Pn =FnLn.
Proof. Since the matrix Fn is invertible, we will prove F−1n Pn = Ln.
Let F−1n = [f
′
ij] be the inverse of Fn. Since f
′
1j = 0 for j¿ 2, f
′
11p11 = 1 and
l11 = 1 =
∑n
k=1 f
′
1kpk1. Since p1j = 0 and f
′
1j = 0 for j¿ 2,
∑n
k=1 f
′
1kpkj = 0 = l1j
for j¿ 2. Since f′2j=0 for j¿ 3, f
′
21 =−1 and f′22 =1, we have
∑n
k=1 f
′
2kpk1 = l21.
From (2), we have, for i = 3; 4; : : : ; n;
∑n
k=1 f
′
ikpk1 = li1.
Now, we consider i¿ 3 and j¿ 2. By (2) and the recurrence relation of lij, we
have
∑n
k=1 f
′
ikpkj = lij.
Therefore, we have F−1n Pn = Ln, the proof is completed.
From Theorem 2.1, we have the following corollary.
Corollary 2.2. For 16 r6 n,(
n− 1
r − 1
)
=
n∑
k=r
Fn−k+1
(k − 3)!(r(k − 1)− 2(r − 1)− (k − r)2)
(r − 1)!(k − r)! : (4)
In particular, if r = 1 then F1 + F2 + · · ·+ Fn−2 = Fn − 1.
Proof. Since Pn =FnLn, F1 = F2 = 1 and lij = 0 for i6 j + 1, we have(
n− 1
r − 1
)
= pnr = Fnl1r + Fn−1l2r + · · ·+ F3ln−2; r + F2ln−1; r + F1lnr :
Since lrr = 1, lr+1; r = r − 1 and, for k¿ r + 2,
lk; r =
(k − 3)!(r(k − 1)− 2(r − 1)− (k − r)2)
(r − 1)!(k − r)! ;
we have identity (4).
In particular, if r = 1 then l11 = 1, l21 = 0 and li1 = −1 for i = 3; 4; : : : ; n. So, we
have F1 + F2 + · · ·+ Fn−2 = Fn − 1.
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From the de7nition of Ln, we have the inverse matrix, L−1n = [l
′
ij], of Ln, where
l′ij =
i∑
k=j
(−1)k
(
i − 1
k − 1
)
Fk−j+1 (5)
and hence we have, for j¿ 2; l′ij = l
′
i−1; j−1 − l′i−1; j. Note that l′i1 = (−1)i+1Fi−2 for
i¿ 3. Since Fn = PnL−1n , we have
Fn =
n+1∑
k=2
(−1)k
(
n
k − 1
)
Fk−1:
Also, from (4) and (5), we have the following corollary.
Corollary 2.3. Let Fn be the nth Fibonacci number. Then, for n¿ 3,
Fn = 1 +
n∑
j=3
(−1)j+1
(
n− 1
j − 1
)
Fj−2 = 2n−2 −
n−3∑
k=1
Fk2n−k−3:
Proof. Since Fn = [fij] = PnL−1n and fn1 = Fn, we have Fn =
∑n
j=1 pnjl
′
j1. Since
l′11 = 1; l
′
21 = 0 and l
′
j1 = (−1)j+1Fj−2,
Fn = pn1 +
n∑
j=3
(−1)j+1pnjFj−2 = 1 +
n∑
j=3
(−1)j+1
(
n− 1
j − 1
)
Fj−2:
Now, we prove the second identity.
Let En = (1; 1; : : : ; 1)T. By Theorem 2.1, we have PnEn =FnLnEn. Since li1 + li2 +
· · ·+ lii=2i−3, we see that, for n¿ 3, 2n−1 =Fn+Fn−1 +Fn−2 +
∑n−3
k=1 Fk2
n−k−2.
From Corollaries 2.2 and 2.3 and an interesting combinatorial property
∑n
i=0 (
n−i
i )=
Fn+1, we have the sum of the 7rst n terms of Fibonacci sequence {Fn} as follows:
F1 + F2 + · · ·+ Fn =
n+2∑
j=3
(−1)j+1
(
n+ 1
j − 1
)
Fj−2 = 2n −
n−1∑
k=1
Fk2n−k−1 − 1:
Let
S0 =


1 0 0
1 1 0
1 0 1

 ; S−1 =


1 0 0
0 1 0
0 1 1

 ;
Sk=S0⊕Ik , for k=1; 2; : : : ; MFn=[1]⊕Fn−1; G1=In; G2=In−3⊕S−1, and Gk=In−k⊕Sk−3
for k¿ 3. In [5], the authors gave the following result: Fn = G1G2 · · ·Gn.
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We de7ne the n× n matrices Hn, MHk and MLn by
Hn =


1 0 0 · · · 0
0 1 0 · · · 0
−1 1 1 · · · 0
...
...
...
. . .
...
−1 1 1 · · · 1


;
MHk = In−k ⊕Hk and MLn=[1]⊕Ln−1. From the de7nition of MHk , we have MH 1 = MH 2 = In.
Since MLn MHn = Ln, we have the following lemma from the de7nition of the matrix
product.
Lemma 2.4. The matrix Ln can be factored by the MH ′ks as follows:
Ln = MHn MHn−1 · · · MH 2 MH 1:
By Lemma 2.4, we have the following theorem.
Theorem 2.5. For the Pascal matrix Pn, Pn =
∏n
i=1 Gi
∏n
i=1
MHn−i+1.
3. Stirling number of the second kind
In this section, we consider relationships between Stirling matrix of the second kind
and Fibonacci matrix.
We de7ne an n × n matrix Mn = [mij] by using the Stirling of the second kind as
follows:
mij = S(i; j)− S(i − 1; j)− S(i − 2; j): (6)
From the de7nition of Mn, we see that m11 = 1; m1j = 0 for j¿ 2, m21 = 0; m22 = 1,
m2j = 0 for j¿ 3, mi1 = −1 for i¿ 3, and, for i; j¿ 2, mij = mi−1; j−1 + j · mi−1; j.
From the de7nition of Sn(2);Fn and Mn, we have the following theorem.
Theorem 3.1. Let Mn be the n × n matrix as in (6). For the Stirling matrix of the
second kind Sn(2) and the Fibonacci matrix Fn, we have Sn(2) =FnMn.
Proof. Let F−1n =[f
′
ij] be the inverse of Fn. Since f
′
1j=0 for j¿ 2, f
′
11S11=1=m11.
Since S1j = 0 and f′1j = 0 for j¿ 2;
∑n
k=1 f
′
1kSkj = 0 = m1j for j¿ 2. Since f
′
2j = 0
for j¿ 3, f′21 =−1 and f′22 =1, we have
∑n
k=1 f
′
2kSk1 =m21. From (2), we have, for
i = 3; 4; : : : ; n;
∑n
k=1 f
′
ikSk1 = mi1.
Now we consider i¿ 3 and j¿ 2.
By (2) and (6), we have
∑n
k=1 f
′
ikSkj = mij. Thus, we have Mn =F
−1
n Sn(2), i.e.,
Sn(2) =FnMn.
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Since Snk = S(n; k) =
∑n
r=1 fnrmrk and for i¿ 3
mik =
1
k!
∑
06l6k
(−1)l
(
k
l
)
((k − l)i − (k − l)i−1 − (k − l)i−2);
we have the following corollary.
Corollary 3.2. For 16 k6 n,
S(n; k) =
n∑
i=k
Fn−i+1
(
1
k!
∑
06l6k
(−1)l
(
k
l
)(
(k − l)i − (k − l)i−1 − (k − l)i−2)
)
:
Lemma 3.3. For the (n− 1) by (n− 1) Stirling matrix Sn−1(2) of the second kind,
Mn = Ln([1]⊕Sn−1(2)).
Proof. Let Bn = [bij] = Ln([1] ⊕ Sn−1(2)). Since l11 = 1 = m11, l21 = 0 = m21 and
l22 = S(1; 1) = 1 = m22, we have bij = mij for i = 1; 2.
Now, we consider that i¿ 3. Since
bij =
i−1∑
k=j−1
[(
i − 1
k
)
S(k; j − 1)−
(
i − 2
k
)
S(k; j − 1)−
(
i − 3
k
)
S(k; j − 1)
]
and from (1), we have bij = S(i; j)− S(i − 1; j)− S(i − 2; j) = mij.
Therefore, Mn = Ln([1]⊕Sn−1(2)).
The following corollary is an immediate consequence of Lemma 3.3.
Corollary 3.4. For n¿ 2, Sn(2) =FnLn([1]⊕Sn−1(2)).
For k× k Pascal matrix Pk , we de7ne the n× n matrix MPk by MPk = In−k ⊕Pk , where
In−k is the identity matrix of order n − k. So, MPn = Pn and MP1 = In. The following
corollary is an immediate consequence of Corollary 3.4.
Corollary 3.5. The Stirling matrix Sn(2) of the second kind can be factorized by
the Pascal matrices MPks as following: Sn(2) = MPn MPn−1 · · · MP2 MP1.
For a k × k Fibonacci matrix Fk and a k × k matrix Lk as in (3), we de7ne the
n× n matrix FkLk by FkLk = In−k ⊕FkLk . So, FnLn =FnLn and F1L1 = In. Thus,
we have Sn(2) = (FnLn) (Fn−1Ln−1) · · · (F1L1).
4. Stirling number of the #rst kind
In this section, we consider the Stirling matrix Sn(1) of the 7rst kind.
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We de7ne a matrix Qn by using the Stirling number of the 7rst kind. An n × n
matrix Qn = [qij] is de7ned as
qij = s(i; j)− s(i; j + 1)− s(i; j + 2): (7)
From the de7nition of Qn, we have q11 = 1; q1j = 0 for j¿ 2, q21 = 0; q22 = 1 and
q2j = 0 for j¿ 3, and, for i; j¿ 2, qij = qi−1; j−1 + (i − 1)qi−1; j. From the de7nition
of Sn(1), Fn and Qn, we can derive the following theorem.
Theorem 4.1. For the Stirling matrix of the 5rst kind Sn(1) and the Fibonacci ma-
trix Fn, we have Sn(1) = QnFn.
Proof. Since Fn is an invertible matrix, we consider Qn=Sn(1)F−1n . Let F
−1
n =[f
′
ij]
be the inverse of Fn. First, we consider i¿ 1, j = 1; 2; : : : ; n − 2;
∑n
k=1 sikf
′
kj = qij.
For j= n− 1, we have ∑nk=1 sikf′k;n−1 = qi;n−1, and, for j= n, we have ∑nk=1 sikf′kn=
sin = s(i; n) = qin.
Therefore, we have Sn(1) = QnFn.
From Theorem 4.1, we know that Sn(1) = QnFn. Since Sn(1)En = QnFnEn, we
have an interesting indentity as follows:
n! =
n∑
k=1
(s(n; k)− s(n; k + 1)− s(n; k + 2))(Fk+2 − 1):
We know that S−1n (2) = [(−1)i−jsij] or S−1n (1) = [(−1)i−jSij]. Since P−1n =
[(−1)i−j( i−1j−1 )], we have Sn(1) = ([1]⊕Sn−1(1))Pn. So,
Pn =Sn(2)([1]⊕S−1n−1(2)) or Pn = ([1]⊕S−1n−1(1))Sn(1):
Thus, we have the following theorem.
Theorem 4.2. For the Stirling matrix Sn(1) of the 5rst kind,
Sn(1) = ([1]⊕Sn−1(1))FnLn = MP1 MP2 · · · MPn:
The following corollary is an immediate consequence of Theorems 4.1 and 4.2.
Corollary 4.3. For 16 k6 n, s(n; k) =
∑n−1
l=k−1 s(n− 1; l)( lk−1 ).
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